Abstract. Those Fourier matrix multiplier operators which are convolutions with respect to a matrix valued measure are characterised in terms of an operator bound. As an application, the nite dimensional distributions of the process associated with Dirac equation are shown to be unbounded on the algebra of cylinder sets.
In its traditional incarnation, the Feynman-Kac formula is a means of expressing a perturbation to the heat semigroup in terms of an integral with respect to Wiener measure. It has been useful in proving estimates in quantum physics Si] , and an analogue of the formula is an important tool of quantum eld theory G-J]. Perturbations of the groups of operators associated with certain classes of hyperbolic di erential equations can also be represented in terms of integrals with respect to -additive operator valued measures along the lines of the Feynman-Kac formula I2], J1]. To establish the existence of -additive operator valued measures associated with particular evolution equations, the following question arises. Suppose that is a locally compact abelian group with a given Haar measure : Let n = 1; 2; : : : and let T : L 2 ( ; C n ) ! L 2 ( ; C n ) be a Fourier matrix multiplier operator acting on the space L 2 ( ; C n ) of all ( -equivalence classes of) functions square integrable with respect to and with values in C n : This means that if the Fourier transform of a function g 2 L 2 ( ; C n ) is denoted byĝ, then there exists a bounded Borel measurable function T : ? ! L(C n ) from the group ? dual to into the space of linear maps L(C n ) on C n ; such that for every f 2 L 2 ( ; C n ); the equality (Tf)^( ) = T ( )f( ) holds for almost all 2 ?: Let Q be the spectral measure acting on L 2 ( ; C n ) of multiplication by the characteristic functions of Borel subsets of :
When is it true that for some C > 0, the inequality Typeset by A M S-T E X : Another way of stating inequality (1) is that the bilinear map (f; g) 7 ! Q(g)TQ(f); f; g 2 C 0 ( ) is continuous for the topology of bi-equicontinuous convergence. It is not surprising that (1) holds if and only if the operator T is convolution with respect to a matrix valued measure; see Theorem 1 below, where the result is formulated for an arbitrary separable Hilbert space H in place of C n :
To see what the operator bound (1) has to do with the Feynman-Kac formula, suppose that = R d and let S be a C 0 -semigroup of continuous linear operators acting on L 2 (R d ; C n ): If H is the in nitesimal generator of S; then S(t)u 0 ; t 0 is the solution of the initial-value problem u 0 (t) = Hu(t); u(0) = u 0 in the case that u 0 belongs to the domain of H: For example, with H = 1=2 for the Laplacian acting in L 2 (R d ; C ); S is the heat semigroup and the corresponding the initial value problem is the heat equation @ t u(x; t) = 1=2 u(x; t); u( ; 0) = u 0 :
Denote the collection of all functions ! : 0; 1) ! R d by : Let t > 0; m = 1; 2; : : :; 0 < t 1 < < t m < t and suppose that B t is xed, the sets E form a semi-algebra S t of subsets of and the expression (2) de nes an additive operator valued set function M t , de ned on S t and acting on L 2 (R d ; C n ): Furthermore, the additivity of the set function M t ensures that it has a unique extension, also denoted by M t ; to the algebra (S t ) of subsets of generated by S t : The idea of associating an operator valued set function with an arbitrary semigroup and a spectral measure is due to I. Kluv anek K].
Set X s (!) = !(s) for all s 0 and ! 2 ; and for a nite ordered subset J = ft 1 ; : : :; t m g of (0, t); put X J (!) = (X t 1 (!); : : :; X t m (!)): Then M t X ?1 J (C) is de ned to be equal to the operator M t (X ?1 J (C)) for any set C which is the nite union of product sets.
The following phenomena may occur.
(i) For some 0 < t 1 < t 2 < t; the set function M t X ft 1 ;t 2 g ?1 is unbounded on the algebra generated by product sets in R d ; (ii) for all nite J 0; t]; the set function M t X ?1 J is bounded on the algebra generated by product sets, but M t is unbounded on the algebra (S t ); (iii) the additive set function M t is bounded on the whole algebra (S t ): Brie y, we can say in the language of random processes that the nite dimensional distributions of X s ; s 0 with respect to M t are unbounded in case (i), the nite dimensional distributions of X s ; s 0 are bounded in case (ii), but M t is unbounded (on (S t )) and M t is bounded in case (iii). The group S(t) = e i t=2 ; t 2 R of operators is an example of case (i), S(t) = e z t=2 ; t 0 is an example of case (ii) whenever z 2 C , =(z) 6 = 0 and <(z) > 0 and (iii) occurs if <(z) > 0 and =(z) = 0; see J2] and the references therein. Only in case (iii) is M t the restriction of a -additive operator valued measure de ned on the -algebra (S t ) of cylinder sets generated by S t :
In the case that the semigroup S commutes with translations, it follows from the characterisation of operator norm inequality (1) that case (ii) obtains if and only if for each 0 s < t; the operator S(s) is convolution with a matrix valued measure; see Corollary 1.
Section 1 is devoted to the just mentioned characterisation of operators satisfying the inequality (1). In section 2, it is noted that the nite dimensional distributions associated with the Dirac equation in four space-time dimensions are unbounded, although it is known that case (iii) applies to the Dirac equation in two space-time dimensions I1], J1]. More generally, a result from the theory of matrix multipliers B] enables a characterisation of those hyperbolic systems of partial di erential equations with constant matrix coe cients where case (ii) applies; these are the hyperbolic systems treated by T. Ichinose I2] , for which the operator valued set functions M t are automatically bounded and de ne -additive operator valued measures.
1. An operator norm inequality.
Throughout this section, is a locally compact abelian group with a given Haar measure : The group dual to is denoted by ?; and its Haar measure is denoted by 0 : The value ( ) of a character 2 ? at 2 is written as < ; > : The measure 0 is so normalised that the Fourier-Plancherel formula is
The Borel -algebra of a locally compact Hausdor space X is denoted by B(X):
The Banach space of all continuous functions on X vanishing at in nity, with the uniform norm, is denoted by C 0 (X): The variation of a Borel measure : B(X) ! C is denoted by j j: Let ( ; T ; ) be a measure space. Suppose that H is a separable Hilbert space with inner product ( ; ); antilinear in the second variable, and norm k k H : Let L 2 ( ; H) be the Hilbert space of ( -equivalence classes of) strongly -measurable
is nite. Here \strongly -measurable" means the limit -a. converging o a 0 -null set N to g; then for all 2 n N, lim n!1 ( )s n ( ) = ( )g( ); because ( ) is a continuous linear operator on H; moreover, each of the functions 7 ! ( )s n ( ); 2 ?; n = 1; 2; : : : is strongly 0 -measurable and so is their pointwise limit.
Let k k 1 denote the essential supremum ess.sup 2? k ( )k: If f 2 L 2 ( ; H); then k f k 2 k k 1 kfk 2 : By the Plancherel theorem, the equality (T f)( ) = ( )f( ) for almost all 2 ? de nes an element T f of L 2 ( ; H) such that kT fk 2 = k f k 2 k k 1 kfk 2 = k k 1 kfk 2 ; so the mapping f 7 ! T f; f 2 L 2 ( ; H) is a bounded linear operator T on L 2 ( ; H) with norm at most k k 1 :
To see that the norm kT k of T is actually equal to the essential supremum k k 1 ; let u j ; j = 1; 2; : : : be a countable dense subset of the closed unit ball of H: For all u; v 2 H; set u;v ( ) = ( ( )u; v) for every 2 ?: Let > 0, and for each j; k = 1; 2; : : :; set A j;k = f 2 ? : j u j ;v k ( )j > k k 1 ? g: If 2 \ j;k A c j;k ; then k ( )k k k 1 ? ; because ( ) is a continuous linear operator on H: By the de nition of k k 1 ; the set \ j;k A c j;k cannot be a set of full 0 -measure. (ii) Inequality (4) does not even imply that for each h 2 H; the H-valued measure h has nite variation. For example, if Q is the spectral measure and T is the operator of Example 1 (i), P k j=1 (Q(g j )TQ(f j ) ) (x; y) = P k j=1 f j (x?y)g j (x) (x? y; y); for all 2 L 2 (R 2 ) so (4) is clearly satis ed. But, as mentioned earlier, Qh has nite variation in H only if h is the zero vector.
2. Evolution equations.
The Dirac operator is de ned in L 2 (R 3 Proposition 2. Let t > 0 and let M t be the set function de ned by formula (2) for the operators S(t) = e iDt ; t 2 R: Let X s ; s 0 be the evaluation maps de ned on the space of all paths ! : 0; 1) ! R 3 : Then for any 0 < t 1 < t 2 < t; the set function M t X ?1 ft 1 ;t 2 g is unbounded on the algebra generated by all product sets the restriction to product sets of a bounded additive set function on the algebra generated by product sets. Then J1, Proposition 2] shows that m is the restriction of a Borel measure on R 3 R 3 , so for T = S(t 2 ? t 1 ), the inequality (3) is certainly satis ed. By Theorem 1, it follows that S(t 2 ? t 1 ) is convolution with respect to a matrix valued measure.
However, if S(t 2 ?t 1 ) were convolution with respect to a matrix valued measure ; then S(t 2 ?t 1 ) would map the subspace L 2 (R 3 ; C 4 )\L 1 (R 3 ; C 4 ) of L 2 (R 3 ; C 4 ) into itself, continuously for the uniform norm. An elementary proof showing that this is not the case, is given in Z, II.1]. The operator S(t 2 ? t 1 ) is actually convolution with respect a matrix valued distribution of order one, explicitly calculated in R]. This contradiction shows that the original assumption that M t X ?1 ft 1 ;t 2 g is bounded must be false. The result is also a consequence of Theorem 2 below.
The matrices 1 ; 2 ; 3 in the Dirac operator do not commute. It turns out that this is the source of the unboundedness of the nite dimensional distributions of the associated process.
Suppose that A 1 ; : : :; A d ; are hermitian n n matrices and B is any n n matrix. Then H = P d j=1 A j @ x j + B is the in nitesimal generator of a group S of operators on L 2 (R d ; C n ): The operator @ x j is viewed as the generator of the group of translation operators in the jth direction, acting on L 2 (R d ; C n ):
Theorem 2. Let t > 0 and let M t be the set function de ned by formula (2) for the operators S(t) = e Ht ; t 2 R: Let X s ; s 0 be the evaluation maps de ned on the space of all paths ! : 0; 1) ! R d : Then for some 0 < t 1 < t 2 < t, the set function M t X ?1 ft 1 ;t 2 g is bounded on the algebra generated by all product sets A B; A; B 2 B (R d 
